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. INTRODUCTION

In 1992, S.Banach [4] established remarkable fixed point
theorem known as “ Banach contraction principle”. This
contraction principle assures the existence and uniqueness
of fixed points of self maps on metric spaces. Hitzler [8]
and Hitzler and Seda [7] introduced the notion of dislocated
metric spaces and extended Banach contraction principle in
such spaces. Zeyada et.al [13] initiated the concept of
dislocated quasi metric spaces and generalized the results of
Hitzler and Seda [7] in dislocated quasi metric spaces.
Bakhtin [3] introduced the concept of b-metric spaces. The
concept of Bakhtin is extensively used by Czerwic [5] in
connection with some problems concerning with the
convergence of non measurable functions with respect to
measure. Recently Klin-eam and Suanoom [9] introduced
the concept of dislocated quasi b-metric spaces and proved
some fixed point theorems in it by using cyclic contractions.
The objective of this paper is improve the some previous
results without using the continuity of maps.

First we recall some known definitions and lemmas.
Throughout this paper, we assume that R* is the set of all
non-negative real numbers.

Definition1.1 Let X be a non-empty set ,s > 1 (a fixed real
number) and d:X x X - R be a function. Consider the
following conditions on d.

(1.1.1) d(x,x) =0,VxeX

112) dx,y)=dy,x)=0=>x=y,Vx,yeX

(1.1.3) d(x,y) =d(y,x), Vx,yeX

1.14) d(x,y) <d(x,z)+d(z,y),Vx,y,zeX

(1.15) d(x,y) <s[d(x,z) +d(z,y)],Vx,y,z €X.

(i) If d satisfies (1.1.2), (1.1.3) and (1.1.4) then d is
called a dislocated metric and (X,d) is called a dislocated
metric space.

(ii) If d satisfies (1.1.1),(1.1.2) and (1.1.4) then d is called
a quasi metric and (X,d) is called a quasi metric space.
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(iii) If d satisfies (1.1.2) and (1.1.4) then d is called a
dislocated quasi metric or dg-metric and (X,d) is called a
dislocated quasi metric space.

(iv) If d satisfies (1.1.1),(1.1.2),(1.1.3) and (1.1.4) then d
is called a metric and (X,d) is called a metric space.

(v) If d satisfies (1.1.1),(1.1.2),(1.1.3) and (1.1.5) then d
is called a b-metric and (X,d) is called a b-metric space.

(vi) If d satisfies (1.1.2) and (1.1.5) then d is called a
dislocated quasi b-metric and (X,d) is called a dislocated
quasi b-metric space or a dq b-metric space.

Definition 1.2: Let (X,d) be a dq b-metric space. A
sequence {x,,} in (X,d) is said to be

(i) dg b-convergent if there exists some point xeX such
that lim d(x,,x) =0 = lim d(x,x,) .

n—-oo n-—oo

In this case x is called a dq b-limit of {x,,} and we write
Xp 2>XAaAsn — o,

(i) Cauchy sequence if lim d(x,x,)=0=

m,n—co
lim d(xm_xn).

m,n—oo

The space (X,d) is called complete if every Cauchy
sequence in X is dg b-convergent.
One can prove easily the following

Lemma 1.3: Let (X,d) be a dqg b-metric space and {x,} be
dqg b-convergent to xeX and yeX be arbitrary. Then

i d(x,y) <lim,_ infd(x,,y) <lim,_ . supd(x,,y) <
s d(x,y) and

id(y, x) < 7111_1)1;10 infd(y, x,) < rlll_)rzé supd(y,x,) <

sd(y, x).
Note: Zisd(x, v) < max{d(x,z),d(z,y)} forall x,y,z € X.

The notion of coupled fixed point is introduced by Bhaskar
and Lakshmikantham [6] and studied some fixed point
theorems in partially ordered metric spaces. Later
Lakshmikantham and Ciric [10] defined coupled
coincidence point and common coupled fixed points for a
pair of maps and Abbas et.al [1] introduced the notion of w-
compatible mappings.
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Definition 1.4 ([6]): Let X be a non-empty set .An element
(x,y)e X x X is called a coupled fixed point of a mapping
F: XxX->Xifx=F(x,y)andy = F(y, x).

Definition 1.5 ([10]): Let X be a non-empty set. An element
(x,y)eX x X is called
(1) a coupled coincidence point of mappings F : X X X —
Xand f: X - X |if
fx = F(x,y) and fy = F(y,X).
(2) a common coupled fixed point of mappings F : X X
X->Xand f: X - X if
x=fx=F(x,y) and y="fy=F(yX).
(3) ([1])- The pair (F, f) is called w-compatible if f(F(x,y))
=F(fx.fy) and
f(F(y,x)) = F(fy,fx) whenever there exist x,y eX with
fx=F(xy) and fy = F(y.x).

Definition 1.6 ([2]): Let X be a non-empty setand f, g: X —
X be mappings.If there exists xeX such that fx = gx then x
is called a coincidence point of f and g and fx is called a
point of coincidence of f and g.

we generalize Definition 1.6 for a pair of maps in which
one is a coupled map as follows.

Definition 1.7: Let X be a non-empty set. Let F: X X X —
Xand S: X - X. If there exists (u,v) € X X X such that
F(u,v) = Su and F(v,u) = Sv then (Su,Sv) is called a
coupled point of coincidence of F and S and (u, v) is called
a coupled coincidence point of F and S.

Definition 1.8: For a fixed real number s > 1, let &, denote
the class of all functions

¢ :R" - R satisfying the following

(1) : @ is monotonically non-decreasing ,

(p2): X1 s™™(t) < oo forall t>0,
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(p3) : @(t) <tforallt>0.
(p4) : @ is continuous.

From (¢4) and (¢3) or (¢3) and (¢4) we have ¢(0) = 0.
Recently Sumati Kumari et.al [12] proved the following

Theorem 1.9 [12]: Let (X,bdy) be a complete dislocated
quasi b-metric space with the coefficient s > 1, and let
T:X - X be a mapping such that  d(Tx,Ty) < ¢(d(x,y))
for all x,y € X,where ¢ :R" > R" is a continuous mapping
such that @(t) =0 iff t =0 and ¢(t) <1 forall t > 0. If
Yme1 ST@™(t) is bdg converges for all t > 0 ,where @™ is the
n" iterate of ¢ then T has unique fixed point.

We note that in this theorem the authors inherently used the
condition that ¢ is monotonically non-decreasing in proving
d(xn'xn+1) < (pn(d(xo' xl)) and d(xn+1' xn) <

(p”(d(xl,xo)).
Rahman [11] proved the following

Theorem 1.10 [11] : Let (X,d) be a complete dq-b-metric
space with fixed real number s > 1, and T be a continuous
self mapping on X satisfying

(1.10.2) d(Tx,Ty) < ad(x,y) + Bld(x,Tx) +
d@, Ty)] + p [d(x, Ty) + d(y, Tx)]

Vx,y €X, where a,fB,u=0 with

A+s)B+2(s2+s)u<1

Then T has a unique fixed point in X.

sa +

In this paper we mainly prove a unique common coupled
fixed point theorem for Jungck type maps satisfying certain
rational contraction condition in dislocated quasi b-metric
spaces and also we provide an example to illustrate our
theorem. We also obtain some recent results as corollaries.

Il. MAIN RESULT

Now we give our main Theorem.

Theorem 2.1: Let (X,d) be a dislocated quasi b-metric space with fixed real number s > 1 and F: X XX - X and S: X - X be

mappings satisfying
2.1.1) d(F(x,y), F(w,v))

d(Sx,Su),d(Sy, Sv),%d(Sx, F(x, y)),
id(Sy, F(y,x)), % d(Su, F(u,v)), % d(Sv,F(v,w)),
Zsizd(Sx, F(u, v)),#d(Sy, F(v,w),

é d(Su,F(x,y)), % d(Sv,F(y,x)),
d(Sx,F(x,)) d(Su,F(u,v))] [d(Sy,F(y,x)) d(sv,F(v,u))

max

1
2s

[ 1+d(Sx,Su)+d(Sy,Sv) 14+d(Sx,Su)+d(Sy,Sv) ] !
i[d(Sx,F(x,y)) d(Sx,F(u,v)) 1 d(Sy,F(y,x)) d(Sy,F(v,u))]
2s L 1+d(sx,sw)+d(sy,sv) 1’2s| 1+d(Sx,Su)+d(Sy,sv) 1’
[ d(Su,F(x,y)) d(Su,F(uv)) 1 [ d(Sv,F(y.x)) d(Sv,F(v,u))
1+d(F(x,y),F(w))+d(F(y.x),Flvw))]’ 2s [ 1+d(F (x,y),F(u,v))+d(F(y,x),F(vu))
forall x,y,u,v € X,where ¢ € @,
(2.1.2) F(X x X) € S(X) and S(X) is a complete subspace of X,
(2.1.3) the pair (F,S) is w-compatible
Then F and S have a uniqgue common coupled fixed pointin X x X.
Proof: Let (xq,y,) € X X X.

From (2.1.2), there exist sequences {x,} and {y, }, in X such that
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F(xn, ¥n) = Sxpe1,m =012, ...

Fw xn) = SYpean =012, ...

Case (i): Suppose

max {d (Sx,, Sxp+1), A(Sxps1, Sxn), A(SVn, SVns1), A(SVns1,Syn)} # 0 forall n = 1,2,3, ..
Now from (2.1.1), (¢1) and Note, we have

A(Sxp, Sxpy1) = d(F(xn—lryn—l)' F(xn'yn))

1 1
d(an—li an)' d(syn—li Syn)' ; d(an—lﬂ an)' ; d(Syn—li SYn)'
1 1 1
;d(sxwan+1)';d(synﬂsyn+1)'ﬁd(sxn—1'an+1)~
1 1 1
ﬁd(syn—lisyn+1):ﬁd(sxwan)'ﬁd(syn' Syn)'
= (,0 max< d(sxn—lvsxn) d(SXn,an_l) d(Syn—IJSyn) d(Syn:Syn+1) g
1 + d(an—lvsxn) + d(Syn—leYn) ' 1 + d(SXn_l,an) + d(Syn—IJSyn) '
i d(-sxn—li an) d(an_l,an+1) i d(SYn—l'Syn) d(Syn—li Syn+1)
25|14+ d(Sxp_1,5%,) + A(SVn_1, Sy | 25 |1+ d(Sxp_1,Sx,) + A(SYn_1, Sy |’
1 [ d(SXn,an) d(sxnrsxn+1) ] 1 [ d(synx Syn) d(synx Syn+1)

25 |1+ d(Sxp, Sxps1) + A(SYn) SYns1)| 25 |1+ d(Sxn, Sxn41) + d(SYn, SYns1)

|(d(an+1, an)' d(SJ’n+1: Syn)i d(sxn' an—l); d(syn' Syn+1): I
{ max{d(Sx,_1,Sx,), d(Sx,, SXn11)}, }
H max{d(syn—l'syn)r d(syntsyn+1)}: i |
| max{d(Sx,, Sx,_1),d(Sxp_1,5%,)}, |
k max{d(syn"s}’n—l)' d(syn—lrsyn)} J

< ) (max {d(sxn—l' an)' d(an: an—l)' d(Syn—lt Syn)' d(syn' Syn—l)t})

- d(sxnr an+1)r d(sxn+1' an): d(Syn: Syn+1): d(Syn+1t Syn)

. d(an—lr an): d(an: an—l): d(syn—li Syn): d(Syn' Syn—l);
Similarly we can show that d (Sx;,4,,5x,) < ¢ (max{d(an' Stay), d(Sps s, an),d(Syn,Syn+1),d(SynH,Syn)})
d(an—lr an): d(an: an—l)' d(syn—li Syn)x d(S}’n: Syn—l);
d(Syn’ Syn+1) = ¢ (max {d(sxn' an+1): d(an+1, an): d(SYn: Syn+1)' d(Syn+1' Syn) })
d(an_l, an)r d(an: an—l)' d(SYn—l' Syn)' d(SYn' Syn—l):

S0 = 0 (e [ S S d S Sy S )
d(Sxp, Sxn41), d(sxn+1'an):}
) d(syn' Syn+1)' d(syn+1: Syn)

A(Sxp_1,5%), A(Sxp, Sxp_1), A(SYn-1,SVn),
< @ | max{d(Syn, Syn-1), A(Sxp, Sxp41), A(SXp41,Sxn), ¢ | ----===- 1)

d(Syn:Syn+1)' d(Syn+1'SYn)
d(an—l' an)’ d(an' an—l)'} < {d(sxni an+1)' d(an+1, an):}
d(Syn—l' Syn)' d(Synv Syn—l) N ) d(syn' Syn+1): d(Syn+1» Syn)
Then from (1), we have
A(Sxp, Sxn41), A(Sxp 41, SXp), A(Sxp, Sxp11), A(SXpi1, Sxp),
”lx{dwxv&mﬂdeMHDS%J}s¢(m”x{d6%wﬁhﬂxdmxﬁp5%gb

which is a contradiction from (¢5) and Case (i ).
Hence from (1), we have

d(an—lﬂ an)' d(SJ’n—p Syn)i d(sxn' an+1); d(syn' Syn+1)'] \

\

Thus max{

Ifmax{

d(an,an+1),d(an+1,an),} < < {d(an_l,an),d(an,an_l),D
< ax
, A(SYn, SYn+1), d(SYn+1,SYn) d(SYn-1,SYn), d(SYn, SYn-1)
which is true forn=1,2,3, ...
Continuing in this way, we obtain

d(sxn' an+1)'d(5xn+1' an):}
max < o™ (t) - 2

{.d(Syn.Syn+1).d(Syn+1,Syn) o) @

where t = max{

max {

d(Sxy,Sx,), d(le,Sxo)}
d(5y0,5y1),d(Sy1,5y0))’
Now for all positive integers n and p, consider, using (5),
d(Sxn, Sxnip) < 5 d(Sxp, Sxpy1) + 52d(Sxnp1, Sxpyz) + -+ + SPA(SXp1p-1, SXnsp)
<s@™(t) +s%2Q"L(t) + -+ sP™PTL(t), where t isas inabove
< 5™ (t) + sMTLEML(t) + o0 + sVPTLMPTL(E) since s > 1

= TP sl gl () < X2, st el (D).
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Since X2, s* ¢'(t) converges for all ¢ > 0, we have lim,,_,o d(Sx,, Sxp4p) = 0
d(an+p, Sx,) <s d(an+p,an+1) + 5 d(Sxp41,Sx,)
< 52 d(Sxp4p) Sxnsz) + 52 d(Sxpyz, Sxntr) + 5 d(Sxy41, Sxp)
< 52 d(Sxp4p) SXnps) + 5% d(Sxnis, SXnp2) + 52 d(Sxpya, Sxniy) + 5 d(SXy41, Sxy)
< P A(Sxp4p) SXnap-1) + SPTHA(Sxpsp-1, SXnp-z) + -+ + 52 d(Sxp12, SXn41)
+ 5 d(Sx,41,5%,)
< sp—l (pn+p—1(t) + Sp—l(pn+p—2(t) + ot SZ (pn+1(t) +s (pn(t)
< Sn+p—1 (pn+p—1(t) + Sn+p—2(pn+p—2(t) + ..., +Sn+1 (pn+1(t) + sn (pn(t)
=T st ol(e)
Since X1P~1 st pi(t) converges for allt > 0, we have lim,, o, d(Sx,1p, Sx,) = 0.
Similarly we can show that lim,,_,e d(S¥n, SYn4+p) = 0 and lim, e, d(Syn+p, Syn) = 0.
Thus {Sx, } and {Sy,} are Cauchy sequences in X.
Since S(X) is a complete subspace of X, there exist u and v in X such that
Sx, - Suand Sy, - Sv.
By Lemma (1.3),(¢,) and (¢,),we have

% d(F(u,v),Su) < lim,_ infd(F(u,v), F(x,, ¥,))

d(Su, Sx,),d(Sv,Sy,), i d(Su, F(u, v)),
1 1 1
—d(Sv F(v, U)) _d(sxnlsxn+1) _d(Syn:Syn+1)
d(Su an+1) d(Sv Syn+1) d(an,F(u v))
1 d(su,F(u, v)) d(Sxpn,SxXn41)
252 d(Sy"’ F(v, u)), 1+d(Su,Sxp)+d(Sv,Syn) >
d(sv,F(ww) d(Syn,Syn+1) 1 [d(SwFWv)) d(Su.Sxn+1)
14d(Su,Sxp)+d(Sv, Syn) ’2s | 1+d(Su,Sxp)+d(Sv,Syy) 1’
1 d(sv,F(vu)) d(Sv,Syn1) d(Sxp,F () d(Sxn,Sxn+1)
s L1+d(Su,Sxn)+d(Sv,Syn) 25 1+d(F(u,v),Sxpn41)+d(Fw,uw),Syns)l’

1 d(SynF@Ww) d(Syn,Syn+1)
25 L1+d(F (u,v),Sxp+1) +d(F(v,u),SYn+1)

IA

lim inf @ | max <

n—-oo

) ?,0, % d(Su, F(u, vz),id(sl;, F(v,1)),0,0,0,0,
= d(Su, F(u,v)), = d(Sv, F(v,u)),0,0,0,0,0,0

= Gmax{d(Su, F(u,v)),d(Sv,F(v, u))}).
Similarly we can show that

IA

¢

%d(Su F(u,v)) < (p( max{d(Su, F(w,v)),d(Sv,F (v, u))})
% d(F(v,u),Sv) < <p< max{d(Su F(u, v)) d(Sv F(v, u))})

%d(Sv Fww)<e¢ (1 max{d(Su, F(w,v)),d(Sv,F (v, u))})
Thus using (¢,) , we obtain
1 {d(F(u, v), Su), d(Su, F(u, v)),} <1 {d(F(u, v), Su), d(Su, F(u, v)),})
—max < @|—max
d(F(v,u),Sv), d(Sv, F(v, u)) d(F(v,u),Sv), d(Sv, F(v, u))

S
which in turn yields from (¢3) and (1.1.2) that F(u, v) = Su and F(v,u) = Sv.
Thus (Su, Sv) is a coupled point of coincidence of F and S.
We will show that d(Su, Su) = d(Sv,Sv) = 0 if (Su, Sv) is a coupled point of coincidence of F and S.
d(Su, Su) = d(F(u, v), F(u, v))

d(Su, Su) d(Sv,Sv), ld(S‘u Su), ld(Sv Sv), ld(Su Su),
* —d(Sv Sv) d(Su Su) d(Sv Sv) d(Su Su) d(Sv Sv)

< p(max{d(Su, Su),d(Sv, N2D)
Similarly we can show that
d(Sv,Sv) < e(max{d(Su, Su), d(Sv,Sv)})
Thus  max{d(Su, Su), d(Sv,Sv)} < @ (max{d(Su, Su), d(Sv,Sv)})

s¢
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which in turn yields from (¢3) and (1.1.2) that d(Su, Su) = d(Sv, Sv) = 0.
Suppose (Sp,Sq) is another coupled point of coincidence of F and S.

Hence Sp = F(p,q) and Sq = F(q,p).Also d(Sp,Sq) = d(Sq,Sp) = 0.

Now consider

d(Su, Sp) = d(F(w,v),F(p,q))
d(Su, Sp), d(Sv, Sq), d(Su, Su), d(Sv, Sv),~ d(Sp, Sp),

%d(Sq,Sq),%d(Su, Sp),%d(Sv, Sv),%d(Sp, Su),
1 da(su,F(u,v))d(Sp,F(p,
252 d (SU, SU), (1+d((Su,S)3)+(d fs‘v,(:q()l))
< @| max-< d(sv,F(vw)) d(Sq,F(q,p)) 1 d(Su,F(uv)) d(Su,F(p.9))
1+d(Sw,Sp)+d(sv,5q) '2s| 1+d(Su,Sp)+d(sv.Sq)
i[d(Su,F(u,u)) d(sv,F(q,p)) i[ d(Sp,F(wv)) d(Sp,F(»,q))
2s L 1+d(Su,Sp)+d(sv,Sq) 1’ 2s|1+d(F(uw),F(p.q))+d(F(vuw).F(q.p))]’
1 d(Sq,F(ww) d(Sq,F(q,p))
2s |1+d(F(wv),F(p,@))+d(F(wu),F(q.p))
d(Su, Sp),d(Sv,Sq)
=9 (max {d(Sp, Su),d(Sq, Sv)})
Similarly we can show that
d(Su, Sp),d(Sv,Sq)
d(Sp.Su) < ¢ (max {d(Sp, Su), d(Sq, Sv)})
d(Su, Sp),d(Sv,Sq)
d(Sp, Su), d(Sq,Sv)})
d(Su, Sp),d(Sv,Sq)
d(Sp, Sw), d(Sq,Sv)})'

’

)

d(Sv,S5q) < ¢ (max{

d(Sq,Sv) < ¢ (max{

Thus we have

. {d(Su, Sp),d(Sv, Sq),} < (ma {d(Su, Sp),d(Sv, Sq),})

d(Sp,Su),d(Sq,Sv)) — d(Sp,Su),d(Sq, Sv)
which in turn yields from (¢) and (1.1.2) that Su = Sp and Sv = Sg.
Thus the coupled point of coincidence of F and S is unique.
Leta = Suand g = Sv.
Since (F,S) is w-compatible, we have
Sa = S(Su) = S(F(u,v)) = F(Su,Sv) = F(a, B) and
Sp =S(Sv) = S(F(v,u)) = F(Sv,Su) = F(B, a).
Thus (Sa, SB) is a coupled point of coincidence of F and S.
Since (a, B) is the unique coupled point of coincidence of F and S
It follows that Sa = a and SB = B.
Thus @ = Sa = F(a,B) and B = SB = F(B, @).
Hence (a, B) is a common coupled fixed point of Fand S.
If (z, w) is another common coupled fixed point of F and S then
z=F(z,w)=Szandw = F(w,z) = Sw.
Hence (z,w) is a coupled point of coincidence of F and S.
Since (a, B) is the unique coupled point of coincidence of F and S,
Wehave z =aand w = .
Thus (a, B) is the unique common coupled fixed point of F and S.
Case (ii): Suppose
max {d(Sxn, Sxp+1), A(Sxp41,S%n), A(SYn, SYn+1), d(SYn+1, Syn)} = 0 for some n.
Then Sx,, = Sx,., and Sy, = Sy, 41-
Hence Sx,, = F(x,, ¥,) and Sy, = F (v, x,,).
Thus Su = F(u,v) and Sv = F(v,u) where u = x,, and v = y,,.
The rest of the proof follows as in Case (i ).
Now we give an example to illustrate Theorem 2.1.
Example 2.2: Let X = [0,1] and d(x,y) = (x +2y)%. Let F: X xX — X and S:X — X be defined by F(x,y) = =2

and

Sx = ’1—2. Let : Rt > R* be defined by ¢(t) = i, forall t € R* Thend is dislocated quasi b-metric with s = 2.
2

2
Conscer (e, i) = (222 4 22220 < (2emtotas
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imax{d(Sx, Su),d(Sy,Sv)}

d(Sx,Su),d(Sy, Sv), % d(Sx, F(x, y)),

ﬁd(Sx, F(u, v)),ﬁd(Sy, F(v, u)),
%d(Su, F(x, y)),%d(Sv, F(y, x)),

< @ | max A«
d(Sx,F(x,y)) d(Su,F(uv))] [d(Sy.F(y.x))d(sv,F(wu))
[ 1+d(Sx,5u)+d(Sy,Sv) ] ’ [ 1+d(Sx,Su)+d(sy,sv) |’
1 [d(Sx,F(xy)) d(Sx,Fuv))] 1 [d(Sy,F(yx))d(Sy.F(vu))
25 [ 1+d(Sx,sw)+dSy,sv) 1’25 1+d(sxsw)+dSy,sv) 1’
1 d(Su,F(x,y)) d(Su,F(uv)) 1 d(sv,F(y,x)) d(Sv,F(v,u))
2s [1 +d(F(x,y),F w))+d(F(y.x),Flvw)]’ 2s [1 +d(F(x,p),F(uv))+d(F(y,x),F(vuw)

forall x,y,u,v € X,where ¢ € &,
Thus (2.1.1) is satisfied. One can easily verify all the rema
Clearly (0,0) is the unique common coupled fixed point of

ining conditions of Theorem 2.1
F and S.

Corollary 2.3: Let (X,d) be a dislocated quasi b-metric space with fixed real number s > 1 and f,g:X — X be mappings

satisfying
(d(gx, gy, > d(gx, f2),5d(gy, f¥).55d(9x, ),
1 dgx.fx) d(gy.fy) 1 [d(gx.fx)d(gx.fy)
231)d(fx.fy) < o| max{;d(gy.fx). iy 25| 1edarey) ,}I
1 [d(gy.fy) d(gy.fx) /
L 2s 1+d(fx,fy) )

vV x,y € X, where ¢ € &,
(2.3.2) f(X) € g(X) and g(X) is a complete subspace of
Xy
(2.3.3) the pair (f,g) is weakly compatible.
Then f and g have a unique common fixed point in X.

Corollary 2.4: Let (X,d) be a complete dislocated quasi b-
metric space with fixed real number s > 1 and f:X — X be
mapping satisfying
(2.4.1)
d(fx, fy) <
d(x,y),d(x, fx),2d(, f3), 55 A, fy),

1 d@x.fx) d@y.fy) 1 [dCefx) dx.fy)
252 d(y' fx)' 1+d(x,y) 1+d(x,y)

" 2s
25[

d(y.fy) dy.fx)
1+d(fx.fy)
vV x,y € X, where ¢ € ®.
Then f has a unique fixed point in X.

@ | max
1

Remark 2.5: Corollary 2.4 is a generalization of Theorem
4.1 of [12].

Remark 2.6 : In Theorem 1.10 (i.e Thorem 3.1 of [11]) the
author used the continuity of T with the condition as +
(1+s)B +2(s?+ s)u < 1. Theorem 1.10 is true without
continuity of T if we assume a + 2fs + 4us? < 1. It
follows from Corollary 2.4 with ¢(t) = (a + 28s +

4us?)(t) .
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