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Abstract- A partial semiring is a structure having an infinitary partial addition and a binary multiplication, subject to a set

of axioms. In this paper we introduce the notions of 2-m-system, semi- 2-absorbing ideal and 2-p-system in so-rings and

obtain their characteristics.
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. INTRODUCTION

Partially defined infinitary operations occur in the contexts
ranging from integration theory to programming language
semantics. The general cardinal algebras studied by Tarski in
1949, Housdorff Topological commutative groups studied by
Bourbaki in 1966, > - structures studied by Higgs in 1980,
sum-ordered partial monoids and sum-ordered partial
semirings(so-rings) studied by Arbib, Manes and Benson [2],
[4], and streenstrup [13] are some of the algebraic structures of
the above type.

G.V.S. Acharyulu [1] and P.V.Srinivasa Rao [10] developed
the ideal theory for the sum-ordered partial semirings (so-
rings). Continuing this study, in [12] & [7] we introduced
notation of 2-absorbing ideals of so-rings and obtained their
characteristics in a commutative so-ring. In this paper, we
introduce the notion of 2-m-system in so-rings and prove that

a proper ideal Q is 2-absorbing ideal if and only if R\Q is a
2-m-system of R. Also we introduce the notions of semi-2-
absorbing ideal and 2-p-system in so-rings and prove that a
proper ideal Q is semi-2-absorbing ideal if Q = ABS(Q), the
set of intersection of all of 2-absorbing ideals of R containing

Q.

II.PRELIMINARIES

In this section we collect some important definitions and results
for our use in this paper.

2.1. Definition. [4] Let M be a non-empty set M, 2. is a
partial addition defined on some, but not necessarily all families
(Xi e I) in M. Then the pair (M, 2.) said to be a partial
monoid if they satisify the following axioms:
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(i) Unary Sum Axiom. Consider (Xi e I) is a one

element family in M, | = {j}. Then X(x, :i e 1) is defined

and equals X .

(ii) Partition-Associativity Axiom. Consider (Xi e I) isa
family in M, (Ij L e J) is a partition of 1. Then
(Xi e I) is summable if and only if (Xi e Ij) [
summable for every J€J and (Z(Xi e Ij): je J) is
summable. We write
Y(x:iel)=2((x:iel;): jed).

2.2. Definition. [4] Let (R,Y,.1) is a quadruple where
(R,Z) is a partial monoid, (R,.,l) is a monoid with
multiplicative operation ‘.” and unit 1. Then (R, Z,.,l) is said

to be a partial semiring if the additive and multiplicative
structures obey the following distributive laws: Suppose

S(x,ziel) is defined in R. Then for all y in R,
S(yx,tiel) and  X(x.y:iel) are defined
and y.X(x, tiel)=X(yx :iel),

S(x ciel)y=X(x.y:iel).

2.3. Definition. [4] A partial semiring (R,Z,.,l) is said to be

commutative if Xy = yX for every X,y € R.

2.4. Definition. [4] Let (M,X) be a partial monoid. The

binary relation < on a partial monoid is said to be a sum-
ordering if we have the following axiom: X <Y if and only if

there exists a ‘h” in M such that Yy = X+ h for X,y € M.
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.5. Definition. [4] A partial semiring R is said to be a sum-
ordered partial semiring or so-ring if the sum ordering in R is
a partial order.

2.6. Example. [4] Let D be a set. Let an(D, D) be the set
of all partial functions from D to D be. A family (Xi e I) is

summable if and only if for any i, j in I, andi=# j,

dom(x; )N dom(x; )=¢. 1f (x; :

foranydinD

dx, if dedom(x) f : el
(5 %)= X, if de om(x,_) or sore (unique) e .
undefined, - otherwise.

nd .’ defined as the usual functional composition. Also the
ordering is defined as the extension of functions , unit defined

as the identity function on D. Then (Pf(D, D),Y.,.) is a so-
ring.

i € 1) is summable then

2.7. Example. [4] Let D be a set. The function X: D — D is
a multi-function defined as each element in D to an arbitray
subset of D. Such multi-functions correspond bijectively to the

relation r< DxD, where (d,e)e r if and only if
ecdx. Let Min(D,D) is defined as the set of all multi-
functions from D to D, together with 2 defined such that d in
D, d(Z,;x)=U,(dx,), and *’ defined as the usual
relational composition. That implies for each d in D and for X,
yin Min(D, D), d(x.y)=U(ey:e edx),and d1={d}.
Then (an(D, D),Z,.) is a s0-ring.

2.8. Definition. [4] A So-ring R is said to be complete if every
family in R is summable.

2.9. Definition. [1] A subset N of a so-ring R is said to be an
ideal of R if the following conditions are satisified:

(1) 18 (x

Viel then X(x, :iel)eN,

e N) is a summable family in Rand X; € N

(1,).1f x<yand yeN then xe N,

(1,).11 xeN and r eR then xr,rx e N .

Throughout this paper, R denotes a commutative so-ring.

Il. M-SYSTEM OF SO-RING ‘R’

From [12], a 2-absorbing ideal in so-rings is defined as follows:

3.1. Definition. [12] Let J be a proper ideal of a so-ring R.
Then J is said to be 2-absorbing if for any p,q,r € R,

par € Jimplies pge J or qred or qr e J.
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3.2. Theorem. Let R be a complete so-ring and Q be a proper
ideal R. Then the following conditions are equivalent:

(i) Q be a 2-absorbing ideal of R,

(i) {xrysz | r,s e R}c Q if and only if xyeQ or
yzeQ or x2 €Q.
Proof. (i) = (ii): Assume Q be a 2-absorbing ideal of R. Take
Q’:={xrysz|r,sGR}. If xyeQ o yzeQ or
Xz € Q, then Xrysz € Q vr,seR. Thus
{Xrysz |r,se R}g Q. Hence Q'cOQ.
Q' Q. Take X i=<x>Y =<y>&Z :=<z>.Now
XYZ<Q. Let ae XYZ Then

X, €E<X> Y, e<y>&Z <7>.

Suppose

we prove that
as, xyz for
Now X <26 XS,y <X, I ys; &z; <X, 1zs]

vlelr.srs "s" eR. =

Ut TR Mg P ||’ i

a<z(zj XS, )(Zk rlkyslk)(zlrzs ). =
as; zj 22 [rij (XSij riK ysik L Z)Si| ]- since Q"= Q
and Q is an ideal of R, we have a€ Q. = XYZc Q.

Since
Xe<x>=X,ye<y>=Y &ze<z>=2,xy2€Q.

Since Q is 2-absorbing, Xy € Q or yz € Q or Xz € Q.

(i) = (i): Suppose Q' ={xrysz|r,seR}cQ if and
XyeQ o yzeQ o xzeQ. Let
X,¥,ZeR>XxyzeQ. Then (xy2)rseQ Vr,seR.

only if

= {XrySZ |r,se R}g Q. By assumption, Xy € Q or
yz € Q or X2 € Q. Thus Q is a 2-absorbing ideal of R. o

3.3. Definition. Let R be a so-ring and A be a non-empty
subset R. Then A is said to be a 2-k-system if and only if

for any X,¥,ZeRaxy,yz,xze A 3
r,seR>xrysze A

3.4. Example. Let R= {O,U,V, X, y,1} be a so-ring and the

2. defined on R by
X, =0 Vi=#] for some
undefined, otherwise.

partial addition
X, if

>(x, Ziel):{ j

and ‘.” defined by the following table:
Ojujv ix|y|1l

0j0j0|j0|0|0O]O
Ojluj0j0|0
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o O|o
ol o<
o ©O|o

v| 0 \Y
X |0 X
y|O0 y
1/0jufv]|X 1

< | O o|o

Consider A= {0, u,v}. Then A be a non-empty subset of R.
Clearly A is a 2-k-system of R.

3.5. Theorem. Let R be a so-ring. Let Q be a proper ideal of
R. Then Q is 2-absorbing if and only if R\ Q is a 2-k-system.

Proof. Suppose Q is a 2-absorbing ideal of R. Let
X,¥,ZeRaxy,yz,x2e R\Q. = xy,yz,xze¢Q.
Since Q is 2-absorbing ideal, xyz¢Q. = 3 1,
1e R>x.1.y.1.ze R\ Q. Hence R\Q is a 2-k-system of
R.

Conversely suppose that R\Q is a 2-k-system of R. Let
X,¥,Z2€R>XxyzeQ. Suppose Xy ¢Q,yz ¢ Q,xz ¢ Q.
= XY,yz,x2 € R\Q. Since R\Q is a 2-m-system, 3
r,seRsxryszeR\Q. = 3 r,seR>xrysz Q.
Since XyzeQ,(xyz)rseQ. = xryszeQ, a

contradiction. Hence Q is a 2-absorbing ideal of R.
O

3.6. Theorem. Let R be a complete so-ring and ‘A’ be a 2-k-
system R. Let Q be an ideal of R which is maximal among all
those ideals of R such that Q(VA=¢. Then Q is a 2-

absorbing ideal of R.

Proof. Take R :={H eideal(R)|H N A= ¢} Clearly Q
is a maximal element in $R. Therefore R is non-empty. Let
X,¥,Z € R>xyz € Q. Suppose that Xy ¢ Q,yz £ Q and
XZ ¢ Q. Suppose Xy & A or yz¢ A or xz¢ A Then
Q CQV<Xy> or Q ch<y2> or QCQ\/<XZ> and
( v<Xy>)ﬂA=¢ or (Qv<yz>)ﬂ A=¢ or
(Qv(xz))ﬂ A=¢, which is a contradiction to the
maximality of Q. Hence Xy € A,yZ € A and XZ € A. Since
A is 2-k-system of R, 3 r,seR>Xrysz e A Since
Xyz € Q,xrysz e Q. = xrysz e Q) A, a contradiction
to the fact that Q1A =¢. Hence Xy € Q or yze Q or
X2e€Q. Hence Q is a 2-absorbing ideal of R.
O

3.7. Theorem. Let R be a complete so-ring and M is a
maximal ideal R. Then M is a 2-absobring ideal of R.
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Proof. Let M be a maximal ideal of R. Let
X,Y,ze Raxyze M. Take

J'={xrysz|r,se Rjc M.
yz ¢ M. Then
McMv<y><z>,

Suppose XyeM,
McMv<x><y>. =

Mv < xy>=R and
Mv <yz>=R. =
1<Xr(xy)s +m &1< 2 rj(yZ)Sj +m, for some
r,s,r,s;eR, m,m,eM. .

1< (zi ri(xy)si + ml)(zj rj(yZ)Sj + mz) =

1<%, zj rirj(XY)(yZ)Sisj +2 ri(xy)simz +zj rj(yz)sjm1+mlm2'

=

xe<(3, Y sl yzlss l.)xz (2 (xy)sm, ez + (2 nlyz)s J.ml)xz +mmxze M.

—> Xz € M. Hence M is a 2-absorbing ideal of R. o
The following example gives the converse need not be true.

3.8. Example. Consider [0, 1] be the unit interval of real
numbers . Let (X, :1 € I) be any family in [0, 1]. Then define

> X; asthe SUPX;. Also for any x, y in [0, 1], the infimum of

{x, y} defined as x.y. Clearly [0, 1] is a so-ring. Now for any
X €[0, 1], we have [0, x] is an ideal of [0, 1]. Infact every

ideal in [0, 1] is of the form [0, x]. Now for X = 0.5, the ideal
[0, X] is a 2-absorbing ideal of R, but not a maximal ideal of R.

3.9. Theorem. Let R be a so-ring and | be a 2-absorbing ideal
R. Then I contains a minimal 2-absorbing ideal of R.

Proof. Consider ‘R = {Q eideal(R) | Q is 2-absorbing and
Qc I}. Clearly | € R. Thus (iR,g) is a non-empty
partially ordered set. Take {Ni |1 e A} be a descending chain
of 2-absorbing ideals of R contained in I. Take N = ﬂ N,.

ieA
Clearly N be an ideal of R with N cl. Let
X,¥,ze R {xrysz|r,se R} N. Suppose xyg N
and yz¢& N.= xy e N, and yz ¢ N, for some kK >1 in
A. since {N; |1 € A} is a descending chain, Xy & N, and
yz¢& N,. Since
xyeN,,yze N, &{xrysz|r,seR}c N, & N, , we
have Xz € N, ( by theorem 3.2). Now V i1<Kk,N, < N,
Vi<kkeA. Now
Vi=k,N, <N, &hence xy¢N, and yz & N;. Since
xzeN;, V

& hence Xz € N;

{xrysz |r,se R}g N,, we have
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I>2k,keA. = xzeN, V i1e€A . Therefore hence

Xxze N = ﬂ N;. Hence N is a 2-absorbing ideal of R. Also
icA

N e9R and N is a lower bound of {N, |i € A} in R. So,

by zorn’s lemma, R has a minimal element . Hence the
theorem. ]

3.10. Theorem. Let R be a complete so-ring and | be an ideal
of R. Suppose M is minimal among those ideals of R properly

containing I, then N = {r eR|rM c I} is a 2-absorbing
ideal of R.

Proof. Clearly N :{r eR|IM c I}:(I : M) is an ideal
of R. Take X,Y,Z be ideals of R > XYZ< N then
(XYZ)M < I. Suppose XY & N, YZ z N. Then 3
a,beN>ag XY,bgYZ =
(XYM z I,(YZ)M z I. Hence
lclvIXYYMcM &I clv(YZ)M < M. By the
minimality of M, Iv(XY)M =M and
IvYZIM =M.= XZIv XZ(XY)M = XZM and
XZIv XZYZ)M = XZM. = XzMmclvicl.=

(XZ)M c I.= XZ < N. Hence N is a 2-absorbing ideal
of R. O

1IV. SEMI-2-ABSORBING IDEALS
We define a semi-2-absorbing ideal in so-rings as follows:

4.1. Definition. Let R be a so-ring and | be a proper ideal of R.
Then | is said to be a semi-2-absorbing ideal of R if for any

XxeR, xX*el then xX* €.

4.2. Remark. Let R be a so-ring and | be a proper ideal of R.
If | is a 2-absorbing ideal then | is a semi-2-absorbing ideal of
R.

Proof. Let | be a 2-absorbing ideal of R. Let

XxeR>x¥ =xxxel. Since 1 is 2-absorbing,
xX=x*el. Thus I is a semi-2-absorbing ideal of R.
[m]

The following example gives the converse need not be
true.

4.3. Example. Consider the so-ring R:=27Z,. Let

| =<0>. Then | is a semi-2-absorbing ideal of R. For
2,23€eR, 223=0¢€l, 22=4¢I and

2.3=06¢ |. Hence I is not a 2-absorbing ideal of R.
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4.4, Theorem. Let R be a complete so-ring and Q be a proper
ideal of R. Then the following conditions are equivalent:

(i) Q is a semi-2-absorbing ideal of R,
(i) {xrxsx | r,s € R} = Q ifand only if X* € Q.

Proof. (i) = (ii): Suppose Q is a semi-2-absorbing ideal of R.
Take Q':= {XI’XSX |r,se R}. If x°€Q. Then
xrxsx €Q YV r,seR. Thus {xrxsx|r,seR}cQ.
Hence Q' < Q. Suppose Q' = Q. Take X :=<X>. Now

we prove that X° = Q. Let ae X°. Then a <Y, XXX

for X, X x'e<x>. =

XS 2 EXS X <2 XS] Y

i i

X <21 XS
iel,r,s.n.s.ns eR=

as; (ZJ rij Xsij)(zk ri; Xsilk)(zl rilﬂxsi,r)' Since Q"< Q
and Q is an ideal of R, we have a € Q. Then X3 c Q.
Since X e< X >= X, we have x% e Q. Since Q is semi-2-

absorbing, X* € Q.

(i) = (i): Suppose Q':={xrxsx|r,seR}cQ if and

only if x°eQ. Let xeR>x*eQ. Then

(XxX)rs € Q.= {XrXSX |r,se R}g Q. By assumption,
x> Q.
Hence Q is a semi-2-absorbing ideal of R. a

4.5. Definition. Let R be a so-ring and “A” non-empty subset
of R. Then A is said to be a 2-I-system if and only if for

anyXeRaxzeA, I r,seRaxrxsxe A

4.6. Example. Consider the so-ring as in example 3.4., let
A ={0,u,V} be a non-empty subset of R. Hence A is a 2-I-
system of R.

4.7. Remark. Let R be a so-ring. Every 2-k-system of R is a 2-
I-system of R.

Proof. Let A be a 2-m-system of R. Let X € R such that
x? e A Clearly X € R 3> XX, XX, XX € A. Since A is a 2-k-

system, 3 I,S € R > Xrxsx € A. Hence A is a 2-I-system of
R.
O

4.8. Theorem. Let R be a complete so-ring and Q be a proper
ideal of R. Then Q is semi-2-absorbing if and only if R\Q is
a 2-l-system of R.
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Proof. Suppose Q is a semi-2-absorbing ideal of R. Let
xeR>x*eR\Q. Since Q s

xX*¢Q.= 3 1,1eR3x1x1xeR\Q. Thus R\Q
is a 2-I-system.

semi-2-absorbing,

Conversly suppose that R\Q is a 2-l-system of R.
Consider XeR>xxXeQ. Suppose X° Q. Then
xXeR\Q. Since R\Q is a 2-p-system of R, 3
r,seRaxrxsxe R\Q.= 3 r,seR>xrxsx Q.
Since XXXe€Q,(XxX)rseQ.= xrxsxeQ, a

contradiction. Therefore X? € Q. Hence Q is a semi-2-
absorbing ideal of R. |

4.9. Remark. Arbitray union of a family of 2-1-systems of a so-
ring R is again a 2-1-system of R.

Proof. Let {A |1e I} be the family of 2-p-systems of R.
Take A:=UA1. let acR>a’c A= a’eA for

iel

some 1el. Since A is 2-p-system of R, 3

r,seRsarasac A,iel.= arasa | JA.
iel

Therefore A= U A is a 2-p-system of R. o

iel
4.10. Theorem. A non-empty subset H of a complete so-ring R
is a 2-p-system if it is the union of 2-m-systems.

Proof. Suppose H is the union of 2-m-systems. i.e.,

H= U N, where each N, is a 2-m-system. Since every 2-
ieA

m-system is a 2-p-system & union of 2-p-systems is again a 2-

p-system, H is a 2-p-system. |

We denote ABS(R) is the set of all 2-absorbing ideals of R.
We denote ABS(I) is the intersection of all 2-absorbing ideals
of R containing I i.e.,

ABS(1)={J € ABS(R)| I  J}.

4.11. Theorem. A proper ideal Q of a complete so-ring R is
semi-2-absorbing if Q = ABS(Q).

Proof. Suppose Q = ABS(Q) = ﬂ{Ll L is 2-absorbing,
Qc L}. =
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4.12. Remark. Let R be a complete so-ring and J, K be any
two ideals of R. Then

J c K.=> ABS(J) < ABS(K).

Proof. (i) Suppose Jc K. Then

Qe ABS(R)|J =Qj2{Qe ABS(R)| K = Qf = N{Q e ABS(

Hence ABS(J) < ABS(K). o

V. CONCLUSION

In this paper, we introduced the notion of 2-m-system in so-
rings and proved that a proper ideal Q is 2-absorbing ideal if
and only if R\Q is a 2-m-system of R. Also we introduced

the notions of semi-2-absorbing ideal and 2-p-system in so-
rings and proved that a proper ideal Q is semi-2-absorbing

ideal if Q = ABS(Q), the set of intersection of all of 2-
absorbing ideals of R containing Q.
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