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Abstract: A partial [-semiring is a structure possessing an infinitary partial addition and a ternary multiplication,

satisfying a set of identities. The partial functions under disjoint-domain sums and functional composition is a partial I'-

semiring. In this paper we introduce the notions of 2(1)-prime partial ideal and m2(ml)-system and obtained some

relations between them in partial '-semirings.
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I. INTRODUCTION

Arbib, Manes, Benson[3], [5] and Streenstrup[14]
introduced the notions of sum ordered partial monoids &
sum ordered partial semirings. M. Murali Krishna Rao[6] in
1995 introduced the notion of a [7-semiring as a
generalization of semirings and 7-rings.

In [8] and [9] we introduced the notions of partial 7~
semiring and I'-so-ring as a generalization of partial
semirings and 7-semirings. In [10], [11], [12] and [13] we
studied the ideal theory for I-so-rings.

In this paper we introduce the notions of 2(1)-prime partial
ideal and m,(m,)-system in a partial 7-semiring and obtain
the characterizations of intersection of all 2(1)-prime partial
ideals of R and 2(1)-prime radical of K.

Il. PRELIMINARIES

In this section we collect some important definitions and
results for our use in this paper.

1.1. Definition. [5] A partial monoid is a pair (M, 2) where
M is a nonempty set and X' is a partial addition defined on
some, but not necessarily all families (x; : i € 1) in M subject
to the following axioms:

(i) Unary Sum Axiom. If (x; : i € 1) is a one element family
inMand I ={j}, then 2(x; : i € I)is defined and equals x;.
(ii) Partition-Associativity Axiom. If (x; : i € 1) is a family
inMand (I - j € J) is a partition of I, then (x; : i € 1) is
summable if and only if (xj : i € [;) is summable for every j
ind, Zi:ielj):jeJ)issummable, and X(xi i € 1) =
2C2xizi e ly)jel).

1.2. Definition. [8] Let (R, X) and (I, X") be two partial
monoids. Then R is said to be a partial I-semiring if there
exists a mapping R x I x R — R ( images to be denoted by
xyy for X, y € R and y € ') satisfying the following
axioms:

() xy(yuz ) = (xyy Juz,
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(ii) a family (x; : i € 1) is summable in R implies (xyx;: i €
1) is summable in R and xy/2(x;: i € D] =Z(xyx;:i € 1),
(iii) a family (x; : i € 1) is summable in R implies (xjyx: i €
1) issummable in R and /Z(xi: i € D]yx =Zxipyx:i € 1),
(iv) a family (y; : i€ 1) is summable in " implies (xyy : i € )
is summable in R and x/2'(y; i€ l)]y = Z(xyy :iel) forall
XY, z,(x:iel)inRandy, u, (y;:i€l)inl.

1.3. Definition. [10] Let R be a partial 7-semiring, A be a
nonempty subset of R and £ be a nonempty subset of I
Then the pair (4, Q) of (R, I) is said to be a left (right)
partial I'-ideal of R if it satisfies the following:

(i) (% : i € 1)isasummable familyinRand x; € A Vi €
I implies Zix; € A,

(i) (@i : i € 1) isa summable family in "and o; € Q Vi
€ | implies Xja; € Q, and

(iii) forallx € R;y € Aanda € Q, xay € 4 (yax € A).

If (4, ©) is both left and right partial 7-ideal of a partial 7-
semiring R, then (4, Q) is called a partial I'-ideal of R. If Q
= [, then Ais called a partial ideal of (R, I).

1.4. Definition. [9] A I'-so-ring R is said to be a complete
partial 7-semiring if every family of elements in R is
summable and every family of elements in 77 is summable.

1.5. Theorem. [10] Let R be a complete partial /-semiring.
If A and Q are subsets of R and T" respectively, then the
partial 7-ideal generated by (4, Q) is the pair ({x € R | x =
Zi X+ 2y rjogX" + 2 Xl + 200"y e ™, where x;,
X%, x"e A, n,n™ e Rand g, o, ', 0 € T

LIBETB=2Ppiel)}

1.6. Remark. [10] Let R be a complete partial 7-semiring
and a € R. Then the left/right/both sided ideals of R
generated by a are
()<a]={xeR|x=2a+2irgare Raoel,ne
N},

(i[a>={xeR|x=2ya+2Zao'r', ri' € R o € I,
neN}
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m)y<a=>={xe R|x=2Zya+Zrga + 2 aa'n + 2
r|”a|”aa|"'r|"', rj, rk', r|", r|'" € Rand aj, Olk', 0!|”, 0!|m eI,
ne N}

We call < a > as the principal ideal generated by a.

1.7. Definition. [10] Let R be a partial 7-semiring. If A, B
are subsets of R and 77 is a subset of I, define A';B as the
set{x € R| 3 a € 4, y; € I, b € B, Ziayb; exists and
X = Ziapyib; }.

If A = {a} then we also denote 4 I';B by a I';B. If B = {b}
then we also denote 4 1B by 4 I';b. Similarly if A ={a} and
B = {b}, we denote 4 I';B by a I';b and thus
alb={x eR| X =ayb forsomey € I }.

An ideal A of a I-so-ring R is called proper if A # R.

1.8. Definition. [12] A proper partial ideal P of a partial /-
semiring R is said to be prime if and only if for any partial
ideals A, Bof R, AI'BZ P impliesA < PorB C P.

2.2(1)-PRIME PARTIAL IDEALS

We introduce the notion of 2(1)-prime partial ideals in
partial I"-semirings as follows:

2.1. Definition. Let R be a partial I" - semiring and A be a
proper partial ideal of (R,I"). Then A is said to be 2-prime

if and only if for any subtractive partial ideals I, J of
(R,IN), ITJ < Aimplies | c Aor J C A

2.2. Definition. Let R be a partial I - semiring and A be a
proper partial ideal of (R,I"). Then A is said to be 2-prime
if and only if for any subtractive partial ideal | and a partial
ideal J of (R,I"), IT'J < A implies | c Aor J C A

2.3. Remark. Let R be a partial I"- semiring and A be a
proper partial ideal of (R,I"). If A is a prime ideal of

(R,T") then A is a 2(1)-prime partial ideal of (R, T").

Proof. Suppose A is a prime partial ideal of (R,T°). Let1,J
be any two subtractive partial ideals of (R,I") such that
IT'J < A Then I, J are partial ideals of (R,I") such that
II'J < A. Since Ais prime, | < A or J < A Hence A
is a 2(1)-prime partial ideal of (R,I").

The following example illustrates that in a partial I -
semiring R, a 2(1)-prime partial ideal of (R,I")is not

prime.
2.4. Example. Let R = {0, 1, 2, 3}. Define X on R as
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X i X =0 Viz] for some |

jl
2, i

2h= 3

o I={ijx 20} s finte and Z(x:ieJ)23
undefined, - otherwise

Then (R,2) is a partial monoid. Let T":= NU{0}, the

set of all non-negative integers. Then I" is a partial monoid

with finite support addition. Define a mapping RxI"xR
into R as

0 if any one of Xxay is 0
x if a=y=l
(Xa,y)=<a if x=y=1 & ac<3
y if x=a=1
3 if xay>3

Then R is a partial I"-semiring. The partial ideals of
(R,I") are {03, {0, 3}, {0, 2, 3}, R and the subtractive

partial ideals of (R,I") are {0} and R. Since
{0,2,3}1'.{0,2,3} ={0,3} = A and {0,23}z I, 1 is
not a prime partial ideal of (R,T"). But it easy to prove that
I is a 2(1)-prime partial ideal of (R,T").

2.5. Lemma. Let R be a complete partial I" -semiring and A

be a partial ideal of (R,I"). Then the subtractive closure of
Ais A={acR|a+xe A, forsome X € A}.
Proof. Take S ={aeR|a+Xxe A, for some x € A}.

First we prove that S is the subtractive partial ideal of
(R,I') containing A: Let (8 :i€l) be a (summable)
family in R such that &, €S V iel. Then V
iel,a,+x,€A for some
2 +2 % =2(8+%) <A and hence 2; &, €8.

Let reR,ael'JaeS. Then

X, € A Now

reRael’ and

at+xeA for some Xe A Now
ra(@a+x)=rca+raxeA and

(a+X)ar =aar + Xar € A and hence reoa,aar €S.
Thus S is a partial ideal of (R,I"). Let a,b R be such

that a+beS and beS. Then a+b+xeA and
b+yeA forsome X,ye A= a+b+x+yeA for

some b+X+yeA and hence a€S. Thus S is a
(R,I").  Since
a+0=ae A AcCS. Now we prove that S is the

subtractive partial ideal of
smallest subtractive partial ideal of (R,I") containing A:

Let P be another subtractive partial ideal of (R,T")
containing A. Let a€S. Then a+XeA for some
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Xe A Since AcP,a+XxeP and X P. Since P is
subtractive, a € P and hence S < P. Hence the lemma.

2.6. Theorem. Let A be a partial ideal of a partial I"-
semiring R. Then A is 2(1)-prime partial ideal if and only if

X,y eR such that

<x>[<y>cAcx>I'<y>cA) then X A or
yeA

Proof. Suppose A is a 2(1)-prime partial ideal of (R,I").

Let X,yeR such that <x>'<y>c A Since

< X >,< Y > are subtractive partial ideals of (R,I") such

that < X >I'< y > A and Ais 2(1)-prime, < X>c A

or <y>c A Hence xe Aor ye A

Conversely, suppose that X,y € R such that

<X>I'<y>c A then xXe Aor ye A LetX, Y be
any two subtractive partial ideals of (R,I") such that
XI'Y < A Suppose X & A. Then 3 Xe X > x¢ A

Let Y eY. Now we prove that <X>['<y>c X['Y :

Let ae<Xx>I'<y> Then a=2, Xy, for some

X, e<x>a, ely,e<y>Viel. Since

X, E<X> X +X e< x> X for some
X{ e< x>c X Viel. Since X is subtractive, X; € X
Viel. Similarly we prove that y; €Y Viel. Thus
a=2,xa,y; € XI'Y. Hence

<X><y>c XI'Y.=<x>[<y>cA By

assumption, X X or yeY. Since X¢ X,yeY and
hence Y < A. Hence the theorem.

2.7. Definition. If X, Y are non-empty subsets of a partial
I" -semiring R, then

@ (X:Y), ={faeR|al'yY < X}

(i) (X:Y), ={aeR|YIac X}

(i) (X:Y)={aeR|al'Y c Aand YI'ac X}.

2.8. Lemma. Let R be a partial I" -semiring. Then

(i) If X and Y are left(right) partial ideals of (R,I") then
(X:Y),((X:Y),) isapartial ideal of (R,T).

(ii) If X is a subtractive left(right) partial ideal and Y is a
left(right) partial ideal of (R,I) then

(X:Y),((X:Y),) is a subtractive partial ideal of
(R,I).
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Proof. (i): we have (X :Y), ={aeR|al'Y < X}. Let
(a, ;1 €l) be asummable familyinRand &, € (X :Y),
Viel. Then xI'Bc A
Yaryc X.=(Za)rY e X.= 2 x e (X:Y),

iel

Viel. =

Let reR,aelae(X:Y),. Then reR,ael
and al'Y < X. Consider (re@)l’Y =ra(al’Y). Since
al'Y < X,ra(al'Y) c raX. Since X is a left partial
ideal,

roX c X.= (red)l'Y c X.=reae(X:Y),.

Consider (aar)I'Y =aa(rI'Y). Since Y is a left partial

ideal of
(RID),IMY cY.=aa(rT'Y) caaY cal'Y c X.
= (aar)l'Y c X.=aar €(XY),.

(X 1Y), isasubtractive partial ideal of (R,T").

Therefore

(ii): Suppose X is a subtractive left partial ideal and Y is a
left partial ideal of (R,I).

Leta,a+be(X:Y),.=alY c X and
(@+b)['Y < X. Let cebl'Y. Then c=2,ba,y,
for some ; €I',y; €Y. Now ag;y;, eal’Y Viel.

=xab eA VieA=2,ay,eX. Now

Xiaoy; + 2 bayy; =2 (@+b)ayy; e (@+b)I'Y < X.

Since X is subtractive, 2, aq;y; € X  and

2, aay,+ce X, we have ceX. Therefore

bI'Y c X.=be(X:Y),. Hence (X:Y), is a
(R,T).
2.9. Theorem. Let A be a subtractive partial ideal of a

partial I"-semiring R. Then A is prime if and only if A is
2(1)-prime.

subtractive partial ideal of

Proof. By Remark 2.3., if A is prime then A is 2(1)-prime.
Conversely, suppose that A is 2(1)-prime partial ideal of
(R,T). Let X, Y be any two partial ideals of (R,I")

S3XIY A Then X c(A:Y),. Since A s
subtractive, by lemma 2.8.(ii), (A:Y), is a subtractive

partial ideal
=X c(A:Y),. = XY c A=Y c(A: X),.

containing X.

Since A is subtractive, by lemma 2.8.(ii), (A:Y)r is a
subtractive partial ideal containing Y.
=Y c (A: Y)r — XIY < A Since A is 2-prime and
)?,? are subtractive partial ideals X c A or Y c A

Thus X < A or Y < A Hence A is a prime partial ideal
of (R,T).
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3. m,(m,)—SYSTEM OF (R,T).

We define m,(m,)-system in a partial I-semiring as
follows:
3.1. Definition. Let R be a partial I"-semiring and A be a

subset of R. Then A is called an m, (m, ) -system of (R,T)
a,be A3 a e<a>b e<b>
(b, e<b>),reR,a,f el suchthat ajorfb, € A
3.2. Remark. Let R be a partial I" -semiring. Then every m-
system of (R,T) isan m,(m,)-system of (R,T).

Proof. Let A be an m-system of (R,I). Let a,be A

Then =
a,pelireRraamppbe A=

a =ae<a>b =be<b>>aafb €A Hence A
isan m,(m,)-systemof (R,T).

if for any

The following example illustrates that an m, (ml) -system is
not m-system in a partial I"-semiring R.

3.3. Example. Consider the partial I" -semiring R as in the
example 2.4. Then a subset A={1,2} of Risan m,(m,)-
system. For 2€ A, for any reR and a,f €T,
2ar 2 =3¢ A Hence A={1,2} is not an m-system of
(R, T).

3.4. Lemma. Let R be a partial I"-semiring with left/right
unity and P be a proper partial ideal of (R,I"). Then P is
2(1)-prime partial ideal of (R,T") if and only if R\ P isan
m, (m, ) -system of R.

Proof. Suppose P is a 2-prime partial ideal of (R,T"). Let
a,beR\P. Then abgP. By theorem 26,
<a>[<b>zP.=3
xe<a>I<b>>xgP.=x=Y,aab for some
a e<a>q elb e<h>. Since

xgP, > aab ¢P.=3

a e<a>a el'\ble<b>>a/ab ¢ P.=a/ab ¢P.

Since R has left unity, 3 a family of elements (e; : j € J)

of R, (r;:1€d) of T such  that

S ey =b.=aa/(Z, eb)eP.=

> ajafe;y b ¢ P. ==

Hence R\ P isan m,-system of R.
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Conversely suppose that R\ P is an m, -system of R. Let

a,beR><a>I'<b>cP.
begP. Then

Suppose a¢P and
abeR\P.—=3

a e<a>b e<b>a pfel,reR>aap cR\P.
Since

a e<a>aare<a>.
= (ar)fo, e<a>T'<b>>aapb ¢P, a
contradiction. Hence a € P or b e P. Therefore P is a 2-

prime partial ideal of (R,I").

3.5. Theorem. Let R be a partial I"-semiring with left/right
unity, Q be a partial ideal of (R,I"), and M be an
m, (m, ) -system of R >Q (1M =¢. Then there exists a
2(1)-prime partial ideal A of (R,I") such that Q — A and
Rm M = ¢ and A is maximal with respect to this
property.

Proof. Take 7 ={P | P is a partial ideal of (R,I") such

that Q=P and PNM =¢}. Clearly Qe7. Hence
(7,<) is anon-empty poset. Let {P, | j € J} be asimply
ordered family in 7. Take P’ = UJ P,. Then P is clearly
a partial ideal containing Qf Now we prove that
P'NM = ¢ Suppose that X e P'(\M. Then X e P’
and xeM. =x+yeP' for some yeP.

—X+yeP; and ye P, for some jkelJ. Since

{P; | j € J} is a simply ordered family, either P, = P,

or B, < P;. So, assume that P, c P,. = x+yeP

and yeP, for some keJ.:XeEk and thus

Xe Ek (1M = ¢, a contradiction. Hence P’ M =¢.

Therefore every simply ordered family in = has an upper
bound in 7. By Zorn’s lemma, 7 has a maximal element.
Let it be A.

Now let X, Y be subtractive partial ideals such that
XI'Y Cc A and XzA=XTAcCA and

ATX c A= XTAC A and
AlTX c A= Ac(A:X), and Ac(A:X),.
Since A is subtractive, (A: X), and (A: X), are

subtractive partial ideals containing A. Since A is maximal,
a e<a>be<b>a,y; €l',e; e R3ajaje;y;bf € R\ Pgjtner

A=(A:X), or
(Zix)rﬂl\/l z(Z:X)rﬂM e/ and either
A=(A:X), or (A:X),NM =(A:X), M % .
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(A:X), M = ¢.=3
xe(A:X), NM.= xe(A: X), and
XeM.:><—X>g(Z:X)r.:>XF<—X>gR

Case(i): If XM = g¢. Then 3
aeXM.=>a,xeM & M isan m,-system.= 3

Suppose

a e<a>x e<x>apfel,reR>aapx M.
Since XI'< X>gﬂ,(a10a’)ﬂ)(1 cA=ANM =4,
a contradiction. Hence Az(ﬂ: X), & A= (R X),-

Case(ii): If XM =4¢. Since
XF<x>gK,X g(ﬂ:<x>),. Since
<x>M = ¢, by case(i),

A=(Z:<X>),.:>X < A, a contradiction. Hence
A=(A:X), & A=(A:X),. Now
XFYgAgZ\.:Yg(Z:X)r=A Hence the
theorem.

3.6. Theorem. Let R be a partial I"-semiring. Then every
2(1)-prime partial ideal 1 of (R,I") contains a minimal 2(1)-
prime partial ideal of (R,I").

Proof. Take 7 ={A|A is a 2-prime partial ideal of
(R,T") > Ac I}. Clearly | 7. Hence (7,<) is anon-
empty poset. Let {B; | j € J} be a descending chain of

elements in 7. Take B:=ﬂBj. Then B is clearly a
jed

partial ideal of (R,I") which contains 1. Now let

X, yeRa<x>I'<y>cB and xgB. Then
xe¢B, for some kelJ. If J<k: Since

<x>I'<y>cB, and xe¢B,, yePR. Since

J<k,P, = P; and hence yeB; Vj<k. If j>k:

Then B; =B,. Since xgB,,x¢B;. Now

<x>I'<y>cB; and x¢B;, yeB;, Vjxk.

Hence y € B; forall je J.= ye (] B; =B. Hence
jed

B is a 2-prime partial ideal of (R,I") which contains I.

Thus B is a minimal of {B; | jeJ} in 7. By Zom’s

lemma, 7 has a minimal element. O

The set of all 2(1)-prime partial ideals of (R,I") is denoted
by 2(1)-spec(R).

3.7. Theorem. Let R be a partial I"-semiring with left/right
unity. Then () 2(1) — spec(R) ={x € R| there is an
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m, (m,)-system A of Rwith X € A implies 0 € A}.

Proof. Take T :={Xx € R| there is an m,-system A of R
with xe A implies Oe A}. Let X ¢[)2—spec(R).
Then X ¢ P for some 2-prime partial ideal P of (R,T).
Since P is a 2-prime partial ideal of (R,I"), R\P is an
m, -system of (R,I"). Since 0 P,0g R\P. Thus 3 an
m,-system R\P >XxeR\P and 0 R\P.= x¢T.
Therefore T <(12—spec(R). Let xgT. Then 3 an
m,-system A of R > Xe A and O¢ A Now <0> is a
partial ideal of (R,I") > <0>N A=¢. By theorem 3.5,
there is a 2-prime partial ideal P ><0>c P and
PNA= @ and P is maximal with respect to this property.
Since Xe A/X¢ P. Since P c I3, Xe¢ P for some 2-
prime partial ideal P of (R,I"). = x ¢(12—spec(R).
Therefore N2—spec(R) < T. Hence
T =2 —spec(R).. o

3.8. Definition. Let K be a proper partial ideal of a partial

I" -semiring R with left/right unity. Then the 2(1)-prime
radical of K is defined as the smallest 2(1)-prime partial

ideals which contains K and is denoted by 2(1) — JK. ie.,
21~ VK =P € 2(2) - spec(R) | K  P}.
3.9. Theorem. If K is a proper partial ideal of a partial I" -
semiring R then 2(1) =K ={x & R | there is an
m, (m, ) -system A of R with X € A implies ANK = g}.

Proof. Take T :={X € R |there is an m,-system A of R
with X € A implies ANK @} Let X T. Then 3 an

m,-system A of R 3 X € A and AHR = ¢. By theorem
3.5, 3 a 2-prime partial ideal P of R > K < P and

Aﬂ|3:¢. Since Xe A XgP. = xeg2-JK.
Therefore Z—RQT. Let X2 —+K. Then 3 a2-
prime partial ideal P of R >Kc<cP  and

XgP.=xeR\P and (R\P)ﬂR:¢.:>EI an m,-
system R\P of R 3XxeR\P and
(R\P)NK =¢.= xeT. Therefore T c2-JK.

Hence the theorem.

IV. CONCLUSION

In this paper we introduced the notions of 2(1)-prime partial
ideal and m,(m,)-system in a partial 7-semiring and proved
that P is a 2(1)-prime partial ideal of R if and only if R\P is
an  my(my)-system of (R,I). Also we obtained the
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characterizations of intersection of all 2(1)-prime partial
ideals of R and 2(1)-prime radical of K.
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